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Three-Dimensional Numerical Simulation
of the Jet Screech Phenomenon

Hao Shen* and Christopher K. W. Tam’
Florida State University, Tallahassee, Florida 32306-4510

Three-dimensional numerical simulations of the jet screech phenomenon are carried out using the multiple-
size-mesh, multiple-time-step, dispersion-relation-preserving scheme. The simulations reproduce all of the exper-
imentally observed characteristic features of the screech tones, including the axisymmetric A; and A, modes, the
flapping/helical B and C modes, and the staging phenomenon. Screech tone frequencies as well as intensities cal-
culated by the numerical simulations are in excellent agreement with experimental measurements. Power spectral
analysis of the numerical simulation data provides irrefutable evidence that, whenever two tones are measured
in the noise spectrum, it is not because there is a continuous switching from one tone to another, but because the
two tones actually coexist simultaneously. A first explanation of why there are two axisymmetric and two flap-
ping/helical screech modes based on two feedback mechanisms is offered. Strong evidence is provided to support

the proposed mechanisms.

I. Introduction

UMERICAL simulations of the jet screech phenomenon are
carried out using computational aeroacoustics (CAA) meth-

ods. This is an extension of the authors’ earlier works on numerical
simulation of axisymmetric jet screech tones.!> The present study
includes the fully three-dimensionaljjet screech modes.

Experimental observations’~’ indicate that jet screech is a fairly
complex phenomenon. When a convergent nozzle is used, the
screech modes are axisymmetric at low supersonic Mach number.
There are two axisymmetric modes. They are usually designated
as the A; and A, modes. At Mach number 1.3 or higher, the jet
screech switches to flapping or helical modes. They are referred to
as the B and C modes. Mode switching or staging is quite abrupt.
The staging Mach number is found to be very sensitive to ambient
conditions of the experimentand probably also very sensitive to the
upstream conditionsof the jet flow. Largely because of this sensitiv-
ity, it is known that the staging Mach numbers differ slightly from
experiment to experiment. Even in the same facility, they tend to
differ somewhat when the experiment is repeated at a later time.

Jetscreechis known to be driven by a feedbackloop.? The energy
is suppliedby the instability waves of the jet flow.® The phenomenon
is highly nonlinear. As a result, even after 40 years of investigation,
only approximate screech tone frequency prediction formulas are
available’~!! The screech tone frequenciesof the A| and A, modes
differ only slightly. The same is true with the B and C modes. The
availablepredictionformulas, unfortunately,are incapable of distin-
guishing the two modes. For a given Mach number, these formulas
predictonly a single screech frequency, not two as observed experi-
mentally. Because of the strong nonlinearityof the feedback loop, no
one has been able to derive a tone intensity predictionformula. Even
a totally empirical formula is not available. Thus, in essence, very
little can be done in terms of predicting the screech phenomenon at
this time, despite years of research.

The first objective of thisinvestigationis to demonstratethat accu-
rate prediction of the jet screech phenomenon in three dimensions
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over an extended Mach number range can be done computation-
ally using CAA methods. Here, the entire phenomenonis simulated
numerically. One advantage of numerical simulation is that it can
readily handle any nonlinearities of the problem. It will be shown
that, if a properly designed CAA computational algorithm is used,
numerical simulation can provide accurate prediction of the indi-
vidual frequency of the A; and A, modes at low supersonic Mach
numbers and those of the B and C modes at higher Mach numbers.

In many ways, numerical simulations may be regarded as numer-
ical experiments. A significant advantage of numerical simulations
over physical experiments is that all of the flow and acoustic vari-
ables are readily available over the entire computational domain at
any instant of time. This allows one to process and examine the
physical variables over a reasonably long period of time to better
understand the important physics of the phenomenon.

Results of the numerical simulations will be provided in this pa-
per. Below Mach number 1.3, the simulated jet undergoes axisym-
metric screech. Depending on the jet Mach number, the feedback
looplocksoneitherthe A; or A, screechmode or both. At Mach 1.3
and higher the screech is associated with a flapping/helical mode.
Both the B and the C modes are observed in the numerical sim-
ulations. These behaviors of the simulated jets are consistent with
those observedin physicalexperiments. The simulated jet, just as in
the case of a real jet, sometimes locks on two screech modes at the
same time. Whenever two screech tones are present simultaneously,
one tone is invariably dominant. The measured screech frequencies
are found to compare well with the NASA Langley Research Center
screech tone data.’ The intensities of the screech tones are also in
good agreement with experimental measurements.

As far as is known, there has never been an explanationas to why
there are two axisymmetric jet screech modes, the A; and the A,
modes,or why there are two flapping/helical modes, the B and the C
modes. Here an explanationis given for the first time. It is proposed
that the feedback loop, which is responsible for the generation of
the screech tones, may be closed in two ways. This results in two
slightly different feedback loops and, hence, two slightly different
tones. Computed data from the numerical simulations are used to
provide crucial evidence to support the proposal.

II. Mathematical Model and Computation Algorithm

The mathematical model and computation algorithm used in this
study are quite similar to those used in Refs. 1 and 2. However,
because three-dimensional modes are to be simulated, significant
extensions of the previous method become necessary. Here, only
the important extensions are reported.

A. Mathematical Model
The Reynolds-averaged Navier-Stokes equations (RANS) with
the k-¢ turbulence model are used for calculating the jet flow and
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acoustics. The purposeofincorporatingthe k—¢ model in the compu-
tation is to simulate the effect of the fine-scale turbulence on the jet
flow. The instability wave that drives the feedback loop has a wave-
length much larger than the size of the fine-scale turbulence. This
separation of length scales justifies the use of a turbulence closure
model. In cylindricalcoordinatesr, ¢, and x, the dimensionless gov-
erningequationsare [lengthscale = D (nozzleexitdiameter), veloc-
ity scale=a,, (ambient sound speed), timescale = D/aoo, density
scale= p,, (ambient gas density), pressure scale = p,aZ , temper-
ature scale =T, (ambient gas temperature), scale for %tresses and
k is a., and those for ¢ and v, are a% /D and a,, D, respectively]
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where y is the ratio of the specific heats and v is the molecular
kinematic viscosity. The terms ky =107% and g, =10~* are small
positivenumbers to preventdivision by zero. The model constants'?
are taken to be

c, = 0.0874, ¢ = 1.40, Cpp = 2.02, P. =0.422

0, =0324, 0,=0377, v/a,D=17x10"° (2)

Now the solution in cylindrical coordinates must be a periodic
function of ¢. We will expand the solution variables in Fourier
series in ¢:

P £o Pn P—n
u Ugp u, U_p
v Vo N Un Vop
= + Z cos(ng) + sin(ng)
w Wo — Wy w_,
T T, T, T,
| P | Po | | Pn | | P—n_|
(3)

Here, k and ¢ are turbulence model variables. They are incorpo-
rated into the RANS equations to ensure that the mean flow spread-
ing rate is correctly simulated. They are essentially axisymmetric,
as is the mean flow. Thus, in this work both k and ¢ are regarded as
axisymmetric. All of the nonaxisymmetriccomponents of the k and
the ¢ model equations are discarded.

Individual equations for the Fourier expansion coefficients are
found in a straightforward manner by substitution of Eq. (3) into
Eq. (1) and equating terms according to cos(n¢) and sin(n¢). This
partitionof terms reduces the three-dimensionalproblemeffectively
to a two-dimensional problem in the x-r plane.

B. Grid Design and Computation Scheme

All of the computations are carried out in the x-r plane. The
computationdomain and grid design are the same as in Refs. 1 and 2.
The size of the computation domain is 35D x 17D. It is divided
into four subdomains with cascading mesh sizes. The subdomain
immediately downstream of the nozzle exit, where the jet mixing
layer is thin and the jet plume containsa shock cell structure, has the
finestmesh: Ax = Ar = D /64. The mesh size of the nextsubdomain
increases by a factor of two. This continues on so that outside the
jet where the mesh is the coarsest has a mesh size of D/8.

The governing equations of the different Fourier components
are discretized by the multiple-size-mesh, multiple-time-step,
dispersion-relationpreserving (DRP) scheme.'* The method is an
extension of the DRP scheme of Tam and Webb.!* Seven-pointsten-
cils are used in the entire computation. The extended method is de-
signed specifically for solving multiple-scales problems of which
the jet screech problem is an archetypicalexample. The use of mul-
tiple time steps is crucial to the present effort in reducing the run
time of the computer codes. Presently, most CAA/computational
fluid dynamics schemes use a single-time-step method to advance
in time. The time step is determined by the stability requirement of
the finest mesh, and, hence, it is very small. Thus, a lot of unnec-
essary computations are done over the coarse mesh regions. This
results in exceedingly long CPU run times.

C. Artificial Selective Damping

AsinRefs. 1 and 2, artificial selective damping terms'® are added
to the discretized finite difference equations. In the present study,
they are added to the equations of each azimuthal Fourier mode.
There are two reasons for adding artificial selective damping to the
computation scheme in the present problem. The first is to damp out
short spurious numerical waves and to enhance numerical stability
near boundaries and surfaces of discontinuity. The second reasonis
for shock capturing, which is essential to the jet screech problem. In
this case, the variable artificial damping method of Tam and Shen'®
is used. The stencil coefficients and design employed here are the
same as described in Ref. 1. In implementing the variable artificial
damping method, an inverse stencil Reynolds number of 0.35 is
used.

D. Radiation, Outflow, and Other Boundary Conditions

To simulate the jet screech phenomenon numerically, one has to
solve an exteriordomain problem. Because the computationdomain
is finite, radiationand outflow boundary conditionsmust be imposed
at the artificial boundaries. The radiation boundary conditions with
entrainment flow developed in Ref. 17 and used in Refs. 1 and 2
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are also appropriate for the three-dimensionaljet screech problem.
These radiation boundary conditions are

P P — Pe
u u—u,
1 9 NN 0
veyor | aR " R)|VTV| T
w w
P P — Pe

L
V(®) =u,cos® + v, sin® + [af — (v, cos ® — u, sin @)2] :
4)

where R = (x2 +r%)!/? and © are the radial distance and polar angle
of a spherical polar coordinate system centered at the nozzle exit
with the polar axis pointing in the x directionand p,, u,, v,, and p,
are the entrainmentflow variablesat the location where the radiation
boundary conditions are imposed. They are found by the method of
Ref. 17.

To implement Eq. (4), the equations need to be expanded in
Fourier series. This may be done by substituting Eq. (3) into Eq. (4)
and equating the Fourier coefficients to zero. It is straightforwardto
find that the axisymmetric mode (n = 0) of Eq. (3) satisfies Eq. (4)
by itself. All of the higher-order Fourier terms satisfy the same set
of equations that are obtained by zeroing out the entrainment flow
terms of Eq. (4).

The nonlinearizedoutflow boundary conditionsof Ref. 1 are also
used here. However, because the outflow boundary is deliberately
placed far downstream, the nonlinear interaction between different
modes is expected to be unimportant. Thus, the convection velocity
of the outflow boundary conditionis replaced by that of the axisym-
metric mode (n=0) alone. To implement the outflow boundary
conditions, they are first separated into Fourier series components
as in the case of the radiation boundary conditions.

The inflow and wall boundary conditions of the present problem
are identical to those in Ref. 1. Here it is assumed that the jet is
circular and that it is issued from a convergent nozzle; the local
Mach number is one at the nozzle exit. The nozzle exit or inflow
conditions are taken to be axisymmetric even for jets that exhibit
flapping mode screech.

In cylindrical coordinates, the governing equations (1) have an
apparentsingularat r = 0. Physically, however, the jet behaves well
(no singularity) at the jet axis. To ensure that the numerical solution
is accurateand well behavedat and aroundthe jet axis, a set of jetaxis
boundary conditionsis needed. In the past, there have been anumber
of attempts to try to formulate suitable jet axis boundary conditions.
Shih et al.'® suggested the use of the azimuthal average over the
values of the variable on the circle r = Ar as the value of the variable
at the axis. This was implemented in the works of Morris et al.!*?
However, a careful analysis of this boundary treatment indicates
that the accuracy is only of order (Ar). This is very inaccurate. To
preservethe high-orderaccuracy of the solution, a new set of jet axis
boundaryconditionshas beendevelopedin the presentinvestigation.
The formulation of these axis boundary conditions is given in the
Appendix. This set of boundary treatments is used throughout this
investigation.

III. Numerical Results and Comparisons
with Experiments

In all of the numerical simulations carried out in this investiga-
tion, only the lowest five modes of the Fourier expansion of Eq. (3)
are retained. Experimental investigations clearly indicate that jet
screech tones are associated either with the axisymmetric mode
or the flapping/helical mode. Thus, the five-mode representation
should be quite adequate. All of the numerical results reported here
were obtained on Silicon Graphics Origin 2200 and 2000 comput-
ers with eight parallel processors. The computation starts with zero
initial conditions as in Ref. 1. The numerical solution marches in
time and, after a while, locks itself onto the screech feedback mode
withoutexternalinterference. The computationcontinuesuntil a pe-
riodic state is attained at a number of monitoring stations. At this
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Fig.1 SPL spectrum from numerical simulation measured atx = 0.0D
and y = 0.642D; convergent nozzle at M; = 1.1, A; mode.
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Fig.2 SPL spectrum from numerical simulation measured atx = 0.0D
and y = 0.642D; convergent nozzle at M; = 1.2, A; and A, modes.

stage, the numerical results are measured and analyzed. The follow-
ing is a summary of the most important directly measured results
and their comparisons with experimental measurements.

Figure 1 shows the sound-pressure-level (SPL) spectrum of a
Mach 1.1 jet from a convergent nozzle measured at x =0.0D and
y=0.642D. The numerical simulationnoise spectrumis dominated
by a single tone and its first harmonic. It is an axisymmetric, A,
mode screech at A/D =1.66 and 148 dB, where A is the acoustic
wavelength of the screech tone. Figure 2 shows the spectrum of
the same jet operating at Mach 1.2. In this case, there are two
tones. The dominant tone is an A; mode screechat »./D =2.17 and
146 dB. The minor tone is from an A, screechmode at /D =1.67
and 133 dB. The first harmonic of the dominant tone can also be
seen. Here it is appropriateto comment that in physical experiments,
sometimes a single tone is observed, whereas at a differentjet Mach
number two tones are observed. The results of the present simula-
tions are quite consistent with actual experimental experience !

Figure 3 shows the computed SPL spectrum at Mach 1.3. The
spectrum consists of a single tone at A/D =2.78. The intensity
measured at x =0.0D and y =0.642D is 155 dB. Figure 4 shows
the azimuthal directivity of this screech tone on a plane located at
five jet diameters upstream of the nozzle exit. The radiation pattern
resembles that of an acoustic dipole, which is characteristic of a
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Fig.3 SPL spectrum from numerical simulation measured atx =0.0D
and y = 0.642D; convergent nozzle at M; = 1.3, B mode.

Fig.4 Directivity plotof SPL atthex =— 5.0D planeshowinga flapping
mode screech; M; =1.3.

flapping screech mode. The screech tone is a B mode. Figure 5
shows the spectrum at an even higher Mach number, M; =1.5. In
this case the spectrum exhibits two tones. The low-frequencytone at
A/D =13.28 and 153-dB intensity is a B mode screech. The higher-
frequency tone at A/D =2.77 and 142-dB intensity is a C mode.
Again, as in actual physical experiments, sometimes both the B and
C modes are observed, and at other Mach numbers only one mode
is observed.

Figure 6 shows comparisons between the numerically computed
ratios of the acoustic wavelengthof screech tones to jet exit diameter
and those from the experiments of Ponton and Seiner.® Atlow super-
sonic Mach numbers, M; < 1.2, the screech tones are axisymmetric
in the form of the A, and A, modes. The computed values are in
good agreement with experimentaldata. At higher supersonicMach
numbers, the screech tones switch to the B and C flapping/helical
modes. There is again good agreement between the measured and
computed values. These comparisons should be judged taking into
account the variability of experimentally measured screech data.
Previously, Norum’ compared the frequenciesofthe A, A,, B, and
C modes measured by a number of investigators. It becomes clear
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Fig.5 SPL spectrum from numerical simulation measured atx = 0.0D
and y = 0.642D; convergent nozzle at M; = 1.5, B and C modes.
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when the data were put together that the staging Mach numbers
(mode switching) vary from experiment to experiment. It is gener-
ally agreed on among experimentaliststhat the screech phenomenon
is extremely sensitive to minor details of the experimental facility
and jet operating conditions.

Figure 7 shows the comparisons of tone intensities. In a number
of cases, there are two tones. The dominant tone is around 18 dB
higher in intensity. Despite this large difference, there are excellent
agreements for all of the modes over the entire Mach number range
shown in Fig. 7. Even the subdominant tone intensities are in good
agreement with experiment.

A point should be made here concerning the numerical predic-
tions contained in Figs. 6 and 7. As far as is known, this is the first
numerical prediction of all of the four screech mode frequencies
and intensities. Most semi-empirical tone frequency prediction for-
mulas available today are unable to distinguish between the A, and
A, mode or the B and C mode. These formulas offer only a single
frequency at a given jet Mach number. As noted before, no tone
intensity prediction formula is available (even a totally empirical
one). The present prediction of both the dominant and the subdomi-
nant tone intensity representsa significant advance in our prediction
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capability. It also suggeststhat numerical simulationby CAA meth-
ods is a feasible and accurate way to solve highly nonlinear, highly
complicated aeroacoustics problems.

IV. Proposed Explanation of the Existence
of Two Screech Tones

One importantadvantage of numerical simulationis thata full set
of flow and acoustic data is available. This providesa unique oppor-
tunity to test possible explanations/mechanisms that are responsible
for the generation of two screech tones at a given jet Mach num-
ber. An explanation based on an idea about the feedback processes
of the screech feedback loop will be offered hereafter. To provide
crucial evidence to support the proposed explanation,data from the
numerical simulations will first be analyzed and discussed.

A. Data Analysis

Screech tones are known to be generated by an acoustic feedback
loop.The loopis powered by an instability wave of the jet that, when
interacted with the shock cell structure around the fourth or fifth
shock cell, generates the feedback acoustic disturbance. Let us first
measure the shock cell structure and the instability waves. For this
purpose, we will use the pressure fluctuations associated with these
physicalentities. Figure 8a shows the pressuredistributionalong the
centerline of the jet at Mach 1.5 measured at t =0.17, where T is
the screech period. This spatial pressure distribution changes only
slightly in time. The reason is that the instability waves, which are
time dependent, are basically confined to the shear layer of the jet.
They do not affect the centerline pressure appreciably. Figures 8b
and 8c are the pressure distributionat r =0.3D (att =0.357) and
r=0.5D (at t =0.25T) in the plane of maximum flapping oscil-
lations. At r =0.3D, the pressure distribution is made up of the
pressure fluctuations associated with the shock cells and the insta-
bility waves. This is the radial location at which strong interaction
between the two takes place. At r =0.5D, the shock cells are weak,
and the pressure distributionchanges in time as the instability wave
propagates downstream.

To determine the shock cell wave number or spacing and those of
the instability waves, a Fourier cosine spectral analysisis applied to
the instantaneouspressuredistributionatr =0.0D,0.3D,and0.5D.
The value of pressure at all mesh points of the computation along
these lines are used in the spectral computation. The power spectral
density (PSD) of the pressure distributions shown in Figs. 8a-8c
are given in Figs. 9a-9c, respectively. Here « is the wave number.
Figure 9a consists of a single dominant spike at k D =3.907. This
is the wave number of the shock cells. When the measurements are
repeated at different times of the screech cycle, it is found that the
wave number of the shock cells does not seem to change with time.
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Fig. 8a Pressure distribution along the line r = 0.0D at ¢ = 0.17;
M;=15.
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Fig.8b Pressure distribution along the line r = 0.3D on the maximum
flapping mode oscillation plane at £ = 0.35T'; M; = 1.5.
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Fig.8c Pressure distribution along the line » = 0.5D on the maximum
flapping mode oscillation plane at £ = 0.25T'; M; = 1.5.




38 SHEN AND TAM

28.0

PSD
80 120 160 200 240

4.0

0.0

-4.0

00 10 20 30 40 50 60 70 80 90 100
«D

Fig. 9a PSD of the instantaneous pressure distribution along the line
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Fig. 9c PSD of the instantaneous pressure distribution along the line
r = 0.5D on the maximum flapping oscillation plane at ¢t = 0.25T;
M;=1.5.

In Fig. 9b, the PSD consists of three sharp spikes. The main peak at
kD =3.907is that of the shock cell structure. The two smaller peaks
are the wave numbers of the instability waves, which are respon-
sible for the generation of the B and C screech modes. In Fig. 9c,
the PSD again has three sharp peaks. The one at k D =3.907, which
is the smallest of the three, is obviously that of the shock cells. It
is relatively weak at this radial location. The other two peaks are
those of the instability waves. The wave number of the instability
waves do change somewhat over a screech cycle. However, by re-
peated measurements over time, a time-averaged wave number can
be identified. Note that the PSD data offer irrefutable evidence that
the two screech tones do coexist simultaneously. In the past, it has
been conjectured by some investigators, that two tones appeared
in the noise spectrum (a long time measurement) was because the
screech mode switched from one to another continuously. It was
suggested that there was only one feedback or one screech tone at
any instant of time.

Walker et al.?? performed wavelet analysis of the acoustic signal
from a screeching rectangular jet of aspect ratio seven. Based on
their wavelet transform data, they concluded that the three screech
tones observed in their experiment coexisted simultaneously. This
conclusionis consistentwith the present finding. However, note that
screech tones of large aspectratio rectangularjets are quite different
from those of axisymmetricjets. Rectangularjets supporta symmet-
ric and an antisymmetric instability wave mode, whereas circular
jets support a host of azimuthal unstable waves. The shock cell
structures of these two types of jets are also quite different. Fourier
analysis® performed on the spatial structure of the shock cells of
a large aspect ratio rectangular jet indicated that there were many
Fourier modes. For an axisymmetric jet, there is only one dominant
Fourier component. These distinct differences in shock cell struc-
ture and jet instability characteristics lead to significant difference
in the number of screech modes and radiation characteristicsfor the
two types of jets. The measurements of Ref. 23 clearly indicate that,
because of the presence of higher-order Fourier shock cell modes,
a rectangular jet emits a multitude of screech tones. As many as
six modes were reported. For axisymmetric jets only two families
of screech modes have been observed. Bearing this in mind, the
present finding of the coexistence of two screech modes in choked
circular jets is new.

B. Proposed Explanation of Two Coexisting Screech Tones

According to Tam,® the energy source of the screech feedback
loop is the instability wave of the jet flow. The instability wave is
excited by acoustic disturbances near the nozzle lip. It propagates
downstream and grows in amplitude. At a distance from four to
five shock cells downstream, the instability wave, having attained
a large amplitude, interacts with the shock cells. The interaction
leads to the emission of acoustic disturbances. Part of the acoustic
waves propagate upstream outside the jet. On reaching the nozzle
lip, they excite the shear layer and the instability wave. In this way,
the feedback loop is closed.

We would like to propose that the interaction between the insta-
bility wave and the shock cells is capable of generating two types
of acoustic disturbances. Both of them propagate upstreamto excite
the jet shear layer and the instability wave near the nozzle lip to form
a feedback loop. The slight differencein the two ways by which the
feedback is accomplished results in a slight difference in the tone
frequencies.

Previously Tam et al.** suggested a weakest link feedback loop
model. This model is based on the analysis of Tam and Tanna.® In
analyzing the interaction between an instability wave of frequency
f and a shock cell structure of wave number K, Tam and Tanna
concluded that the coherent scattering of the instability wave in
its passage through the periodic shock cells would result in the
generation of strong acoustic radiation in a direction 6, where 6 is
measured from the jet flow direction. The direction @, the frequency
f of the instability wave, and the shock cell wave number K are
related by the formula

f=Ku./2n(1 —u.cosb/a) 5)



SHEN AND TAM 39

Table 1 Testing the feedback condition®

M; KD kD 27D /as o la|/KD
A1 and B modes

1.2 7.535 4.076 3.145 0.282  0.0374

1.3 5.782 3.310 2.260 0.212  0.0367

1.4 4.653 2.500 1.982 0.171  0.0368

1.5 3.907 1.894 1.877 0.136  0.0348
Ay and C modes

1.1 10.73 5.498 3.785 1.449  0.1350

1.2 7.535 4.835 3.670 —-0.970  0.1287

1.5 3.907 2.240 2.168 —0.501  0.1282

3 M ; = jet Mach number, K = shock cell wave number, kK = instability
wave number, f = feedback acoustic wave frequency, andoe = KD —
kD —2rf/as.

where u. is the phase velocity of the instability wave and a, is the
ambient sound speeds. The weakest link model suggests that the
feedback acoustic wave is the weakest link of the feedback loop.
To be able to maintain the feedback, the screech frequency must
be such that the strongest radiation is in the direction of the nozzle
lip. That is, 0 is equal to 7 if f is the screech frequency. The phase
velocity u, is related to the wave number of the instability wave k by

u.=2nflk 6)

Under the assumption of 6 =7 in Eq. (5) and using Eq. (6), the
feedback relationship becomes

KD —kD +21(fD/ax) =0 (7)

In the preceding weakest link feedback model, the acoustic waves
propagate freely upstream outside the jet.

As a simple test if, indeed, the weakest link feedback loop is re-
sponsiblefor the generationof one of the observedscreech tones, the
measured shock cell wave number K, the instability wave number &,
and the screech tone frequency f are substituted into the left-hand
side of Eq. (7). Table 1 shows the numericalresults at jet Mach num-
ber from 1.1 to 1.5. For the A, and B modes (see Fig. 6), Eq. (7)
is satisfied with an error of less than 4% (last column of Table 1).
This is quite remarkable, considering that the screech phenomenon
is highly unsteady. For the A, and C modes, Eq. (7) is not satisfied.
There is a consistenterror of about 12%. We propose that the weak-
est link feedback loop is the one responsible for the generation of
the A| and B screech modes. Another mechanism is responsible for
completing the feedback of screech modes A, and C.

In their study of tones from impinging jets, Tam and Ahuja®®
proposed that the feedback disturbances that propagated from the
impinging region on the impingement plate back to the nozzle exit
was an acoustic mode of the jet flow. These acoustic modes are not
freely propagating sound waves. They were found previously by
Tam and Hu?’ in a general study of the instability waves and acous-
tic modes of the jet flow. For subsonic impinging jets, the feedback
acoustic mode is confined inside the jet by the mixing layer as it
propagates upstream. For a supersonicjet, the acoustic mode prop-
agates outside the jet in the upstream direction guided by the jet.
Here we propose that this same feedback acoustic mode of the im-
pinging jet is also excited by the interaction of the instability wave
and the shock cell structure. This acoustic mode provides the feed-
back link of the second feedback loop. This loop is responsible for
the generation of the A, and C screech tones. One special property
of this feedback acoustic mode is that its frequency is restricted to
a very narrow band. For the wave mode that propagates upstream
at sonic speed following the boundary of the jet, its frequency can
easily be calculated using a vortex sheet jet model as described by
Tam and Ahuja.?® For the axisymmetric mode, the lowest frequency
is given by the (0, 2) mode. For the flapping/helical mode, the low-
est frequency is given by the (1, 1) mode. The calculated acoustic
wavelengths of these modes (or a., /f, where f is the frequency) as
a function of jet Mach number are plotted in Fig. 6. In calculating
these results, the diameter of the vortex sheet jet is taken to be equal
to the fully expanded jet diameter D;. The relationshipbetween D;
and the physical nozzle exit diameter D can be found in Ref. 23.
As can be seen, the calculated acoustic wavelengths of the screech

tones based on the frequency of the feedback acoustic mode are in
good agreement with the experimental measurements of Ponton and
Seiner® for the A, and C screech modes. The good agreement ob-
viously provides strong support for the proposed feedback model.
Thus, there are two mechanisms to complete the feedback. This is
the reason the coexistence of two screech tones is observed.

V. Conclusions

In this work, three-dimensional numerical simulations of a
screeching jet from a convergentnozzle over a wide range of Mach
numbers have been successfully carried out. It represents a signif-
icant advance in the prediction methodology of the screech phe-
nomenon. The numerical simulation reproduces the four experi-
mentally observed screech modes, namely, the two axisymmetric
modes A; and A, and the two flapping/helical modes B and C. The
calculatedscreech frequenciesand intensitiesare in good agreement
with experimental measurements. As far as is known, this is the first
time computational prediction of screech tones has achieved this
level of success.

The availability of a complete set of flow and acoustic field data
from numerical simulation provides a rare opportunity to obtain a
better understanding of the physics of the screech tone generation
processes,especiallyinregardto the existenceof two tonesata given
jet Mach number. When PSD analysis of the instantaneouspressure
field is performed, unambiguous evidence is found indicating that,
whenever two screech tones are measured in the noise spectrum,
the two tones coexist at the same time. It repudiates the suggestion
offered by some previousinvestigatorsthatthe two tones in the noise
spectrum is due to long time averaging of the continuous switching
of one screech mode to another and that there is only one tone at a
given instant of time.

An explanation as to why there are two coexisting screech tones
is proposed. It is suggested that there are two ways for the feedback
acoustic disturbancesto complete the screech feedback loop. One is
by coherent scattering of the instability wave by the quasi-periodic
shock cell structure in the jet plume. The other is by an upstream
propagatingacoustic mode of the jet flow. Evidence from the numer-
ical simulation data as well as theoretical model results are found
to strongly support the two proposed feedback mechanisms.

Note that CAA methodology has played a crucial role in mak-
ing the present investigationpossible. It is envisioned that by using
a slight extension of the present computation method, it would be
feasible to study the generation and propagationof even more com-
plex shock-relatedjet noise phenomena including broadband shock
associated noise. A CAA-based computational approach would al-
low a direct prediction of the noise spectrum and directivity without
empirical constants or adjustments. Furthermore, it would provide
complete sets of data for a thorough investigation of the physical
processes involved.

Appendix: Jet Axis Boundary Conditions

In this Appendix, the method of analytic continuationis used to
formulate a set of numerical boundary treatment at the jet axis when
cylindrical coordinates are used.

The flowfield of a jet supports a host of large-scale instability
wave solutions. Near the jet axis, in the core region, the amplitudes
of the instability waves are usually quite small so that they can
be well represented by linear solutions. The linearization may be
performed locally on a uniform mean flow, that is,

w=ua, v=w=0, p=p, p=p, T=T
where u = u is a constant. The linearized equations of motions are
ap  _dp  _
e - V. v= Al
o +u P +poV-v=0 (A1)
0 _ 01 1
L aZ - _Vp Vi (A2)
ot ox 0
_ oT  _oT _
pe| — +ii— ) + pV v =k VT (A3)
ot ax
p=pRT +pRT (A4)
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where v, and k, are the turbulent kinematic viscosity and thermal
conductivity, respectively.

It can easily be shown that, when Eqs. (A1-A4) are written in
cylindrical coordinates (r, ¢, x), it is an eighth-order system in
r. Four of the solutions are bounded at » = 0. The other four are
unbounded.Here, interestis confined to the bounded solutionsalone.

In general, the velocity vector can be represented by a scalar and
a vector potential, that is,

V=Vd+VxA. (AS)

For Egs. (A1-A4), the solutions for the scalar and vector potentials
can be obtained separately.It turns out that the viscous solutions are
only related to the vector potential. For convenience, we will refer
the vector potential solutions as the (turbulent) viscous solutions.

Scalar Potential Solutions

There are four scalar potential solutions. They can be found by
replacing v by V@ in Eqs. (A1-A4) and applying Fourier-Laplace
transforms to x and ¢ and expanding ¢ dependence in a Fourier
series, for example,

O(r, ¢, x, 1) = Z/ /&),,(r,k,w)
—o0 YT

n=-00

x expli(kx — wt + n¢)] dw dk

This leads to a fourth-order differential system in . The two solu-
tions bounded at r = 0 can be expressedin terms of Bessel function
of order n. The complete solutions can be written out in full as
follows:

d
i, = ikJ,(Ayr), v, = —J, (A1)
dr

ip (A +&)
Wh@»i’)

in -

W, = _Jn()":tr)a Pn =
r

By =5 [iw — k) — v, (32 +£2)]J, 0sr)

- iw—ak) o, o 0Ty
Tn_[T—(xiw)(w_ﬁk+;>}1,,(kir) (A6)

where

1 1
M:[w_kz}z

_ik(w—ik)/R— p —c,pT +ic, pv,[(w—iik)/R]
B ki[v,/R+iT J(w— iik)]

—pc,(w — uk)?

p= Rk,[v,/R+iT /(w — k)]

Viscous (Turbulent) Solutions
There are two sets of viscous solutions. The first set is found by
letting
A=1e,, p=p=T=0 (A7)
where e, is the unit vector in the x direction. Again, by the use
of Fourier-Laplace transform and Fourier expansion, the solution
boundedat r =0is

po=p=T,=i,=0

_HQH (a8)
dr v

The second set may be found by letting

A=yxe —ixey, p=p=T=0 (A9)

After some algebra, the bounded solution is found to be

pn:pn:'f”:o

1
d i(w — k) |?
ﬁ,,:—i(—J,,H{i[kz—M} r}
dr v
3
i (w — ik
+n+lfn+1{i|:k2—Mi| r})
r v,
Lol
{,n:_kjwl{i[/g_w} r}

Vr
3
[ (w — ik
W, = ikJ,,+1{i|:k2 - l(wv—”)] r} (A10)
t

Analytic Continuation into the r < 0 Region

The general solution is a linear combination of the scalar and
vector potential solutions. The Bessel functions of these solutions
can be continued analytically into the nonphysicalregion of r < 0.
For positive r, the analytic continuation formula for integer-order
Bessel functionsis

Ju(=&r) = (=1)"Ju (&) (A1D)

By means of Eq. (Al1) and the preceding general solution, it is
straightforward to establish

pu (=1, x, T) = (=1)"p,(r,x, 1)
Pu(=r, x, 1) = (=1)"p,(r,x, 1)

T,(—r,x,1) = (=1)"T,(r, x, 1)

(=1, X, 1) = (= 1)"u, (r, x, 1)

vy (=1, x, 1) = (—=1)" T, (r, x, 1)

w,(=r,x,1) = (=" w,(r, x, 1) (A12)

where p,,, p,, etc., are the amplitude functions of the Fourier series
expansionin ¢.

Here we propose to use Eq. (A12) to extend the solution into the
nonphysical negative r region to facilitate the computation of the
high-order large-stencil finite difference in r for points adjacent to
the jet axis. It is noted, however, that forn =1,

limv,(r, x, 1) # 0, limw(r,x,t) #0
r—0 r—0

For this reason, terms such as v; /r and w, /r cannotbe computed at
the jet axis r = 0. Thus, it is recommended that the values of v, w,
and all of the other variables not be computed directly by the finite
difference equations at r = (. Instead, after the numerical solution
is found at the end of nth time step, except for the mesh points in
r < 0, analytic continuationis applied to determine the unknowns
atall pointsin r < 0. The values of the variables at r =0 are then
calculated by using high-order symmetric interpolation?®
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